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Abstract
We analyze a recently found inequality for eigenvalues of the density matrix and purity parameter
describing either a bipartite system state or a single qudit state. The Minkowski type trace inequality
for the density matrices of the qudit states is rewritten in terms of the purities. The properties of the
obtained inequality are discussed. The X-states of the two qubits and the single qudit are considered
in detail. A study of the relation of the obtained purity inequalities with the entanglement is presented.
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1 Introduction
Nowadays, the use of the density matrix operators to describe composite quantum states is of a big
interest. Given the density operator ρ̂(1, 2) of the whole system there is a possibility to construct two
reduced density operators ρ̂(1) and ρ̂(2) that describe states of the first and the second subsystems,
respectively. Different characteristics of quantum correlations in the composite systems are well known
and studied in this formalism. The properties of these correlations are reflected by the existence of the
set of equalities and inequalities regarding entropies and informations, both in the quantum and classical
domains [10,11,17,20].
However, the notion of the entanglement for the system without subsystems, i.e. the single qudit,
is not so obvious. Recently, it was observed in [3–5, 12] that the quantum properties of the systems
without subsystems can be formulated by using an invertible map of integers 1, 2, 3 . . . onto the pairs
(triples, etc) of integers (i, k), i, k = 1, 2, . . . (or semiintegers). For example, the single qudit state
j = 0, 1/2, 1, 3/2, 2, . . . can be mapped onto the density operator of the system containing the subsystems
like the state of the two qudits. Using this mapping, the notion of the separability and the entanglement
was extended in [14] to the case of the single qudit X-state with j = 3/2. In [6] the Minkowski type
inequality with one parameter [1] for the density matrices of the bipartite system was generalized to
the case of the single qudit state which does not contain subsystems. In [16] the Minkowski type trace
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inequality with two parameters [2] was introduced for the system without subsystems. Note that the
quantum correlations, similar to correlations analogous to the entanglement for the single qudit, were
found and formulated in terms of a quantum contextuality in [9].
In [13] the new inequality for the purity parameters was introduced for the qudit state. The aim of
the paper is to rewrite the Minkowski type inequality with two parameters in terms of the purities and
to compare them with those given in [13]. The properties of the new purity inequalities are studied on
the example of the X-states [8]. The relation of the obtained purity inequalities with the entanglement
is shown by the example of the single qudit Gisin [7], Werner [21] and β states [19].
2 The purity and Minkowski type trace inequality
Let us define the N ×N density matrix of the quantum state in the block form
ρ =

a11 a12 · · · a1n
a21 a22 · · · a2n
...
...
. . .
...
an1 an2 · · · ann
 , (1)
where ρ = ρ†, Trρ = 1, ρ ≥ 0 and N = nm. The blocks aij denote a m ×m matrices. If the density
matrix (1) describes the system with subsystems, i.e. the bipartite state (the two-qubit system), then we
can consider two subsystems. Reduced density matrices ρ1, ρ2 are defined as partial traces of (1).
However, the density matrix written in the form (1) can also describe the single qudit state. Using
techniques described in [13], i.e. the analog of the partial tracing of the block matrix of the two-qubit
state, we can write two matrices
ρ1 = Tr2ρ =

Tra11 Tra12 · · · Tra1n
Tra21 Tra22 · · · Tra2n
...
...
. . .
...
Tran1 Tran2 · · · Trann
, ρ2 = Tr1ρ =
n∑
k=1
akk . (2)
The latter matrices do not correspond to subsystems like in the bipartite state, but we can formally write
the purity parameter for the single qudit state by
µ12 = Trρ
2 (3)
and the purity parameters corresponding to the matrices (2) by
µ1 = Trρ
2
1, µ2 = Trρ
2
2. (4)
In [13] the deformed inequality for the qudit state
µ1 + µ2 − 1 ≤ µ12 (5)
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was introduced. For the given real numbers p and q we introduce the following notations
ρp =

a11(p) a12(p) · · · a1n(p)
a21(p) a22(p) · · · a2n(p)
...
...
. . .
...
an1(p) an2(p) · · · ann(p)
 , ρq =

a11(q) a12(q) · · · a1n(q)
a21(q) a22(q) · · · a2n(q)
...
...
. . .
...
an1(q) an2(q) · · · ann(q)
 .
The Minkowski type trace inequality with two parameters [2] for the quantum system with the matrix
(1) reads as (
Tr2
[
(Tr1ρ
q)p/q
])1/p
≤
(
Tr1
[
(Tr2ρ
p)q/p
])1/q
. (6)
or
Tr( n∑
i=1
aii(q)
) p
q
 1p ≤
Tr

Tra11(p) Tra12(p) · · · Tra1n(p)
Tra21(p) Tra22(p) · · · Tra2n(p)
...
...
. . .
...
Tran1(p) Tran2(p) · · · Trann(p)

q
p

1
q
. (7)
The inequality holds for all 1 ≤ q ≤ p. Otherwise, it should be reversed. The latter inequality holds both
for the quantum systems with subsystems and for the single qudit states.
We rewrite the inequality (7) in terms of the purities (4). In case that q = 2 and p = 1, it is easy to
see that the latter inequality can be rewritten as
µ
1/2
2
≤ Tr1
[(
Tr2ρ
2
)1/2]
. (8)
Similarly, in the case q = 1 and p = 2, the inequality (7) can be rewritten as
µ
1/2
1
≤ Tr2
[(
Tr1ρ
2
)1/2]
. (9)
Notice, that since 1 ≤ p ≤ q holds the inequality (7) has been reversed. Combining (8) and (9) we can
write
µ1 + µ2 ≤
(
Tr2
[(
Tr1ρ
2
)1/2])2
+
(
Tr1
[(
Tr2ρ
2
)1/2])2
. (10)
Reducing (10) to the form of (5), the following inequality can be rewritten as
µ1 + µ2 − 1 ≤ µ˜, (11)
where we introduce the notation µ˜ ≡
(
Tr2
[(
Tr1ρ
2
)1/2])2
+
(
Tr1
[(
Tr2ρ
2
)1/2])2 − 1. Hence, it is
interesting to compare the right hand sides of the inequalities (5) and (11).
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3 The X-state for the single qudit
If ρ12 = ρ13 = ρ21 = ρ31 = ρ24 = ρ34 = ρ42 = ρ43 = 0 holds, then the density matrix (1) has the form of
the X-state density matrix
ρX =

ρ11 0 0 ρ14
0 ρ22 ρ23 0
0 ρ32 ρ33 0
ρ41 0 0 ρ44
 =

ρ11 0 0 ρ14
0 ρ22 ρ23 0
0 ρ∗23 ρ33 0
ρ∗14 0 0 ρ44
 , (12)
where ρ11, ρ22, ρ33, ρ44 are positive reals and ρ23, ρ14 are complex quantities. The latter matrix has the unit
trace and it is nonnegative if ρ22ρ33 ≥ |ρ23|2, ρ11ρ44 ≥ |ρ14|2 hold. In [19] the following two inequalities
for having an entanglement are indicated as
|ρ23| ≤ √ρ22ρ33 < |ρ14| ≤ √ρ11ρ44,
|ρ14| ≤ √ρ11ρ44 < |ρ23| ≤ √ρ22ρ33.
Obviously, only one or none can be fulfilled.
Let us rewrite the matrix (12) in block form. The block matrices are determined by
a11 =
(
ρ11 0
0 ρ22
)
, a12 =
(
0 ρ14
ρ23 0
)
, a21 =
(
0 ρ32
ρ41 0
)
, a22 =
(
ρ33 0
0 ρ44
)
.
Hence, the purity parameters (3) and (4) of the X-state density matrix (12) are given by
µ12 = Tr
(
a11(2) a12(2)
a21(2) a22(2)
)
=
4∑
i=1
ρ2ii + 2(|ρ14|2 + |ρ23|2),
µ1 = Tr
(
Tra11 Tra12
Tra21 Tra22
)2
=
4∑
i=1
ρ2ii + 2(ρ11ρ22 + ρ33ρ44),
µ2 = Tr(a11 + a22)
2 =
4∑
i=1
ρ2ii + 2(ρ11ρ33 + ρ22ρ44).
Hence, substituting the latter purities in (5) we can write
2
4∑
i=1
ρ2ii + 2(ρ11 + ρ44)(ρ22 + ρ33)− 1 ≤
4∑
i=1
ρ2ii + 2(|ρ14|2 + |ρ23|2). (13)
Analogously, the inequality (11) has the following representation
2
4∑
i=1
ρ2ii + 2(ρ11 + ρ44)(ρ22 + ρ33)− 1 ≤ µ˜, (14)
4
where
µ˜ = 2
√
ρ2
11
+ ρ2
22
+ |ρ14|2 + |ρ23|2
√
ρ2
33
+ ρ2
44
+ |ρ14|2 + |ρ23|2 + 2
4∑
i=1
ρ2ii
+ 2
√
ρ2
11
+ ρ2
33
+ |ρ14|2 + |ρ23|2
√
ρ2
22
+ ρ2
44
+ |ρ14|2 + |ρ23|2 + 4(|ρ14|2 + |ρ23|2)− 1.
Let us introduce examples of how the parameters of the density matrices impact on the sign of µ˜ − µ12
and its connection with the entanglement.
One of the examples of the X-state is given by the Werner state [21]. The single qudit with the spin
j = 3/2 can be described by the following Werner density matrix
ρW =

1+p
4
0 0 p
2
0 1−p
4
0 0
0 0 1−p
4
0
p
2
0 0 1+p
4
 , (15)
where the parameter p satisfies the inequality −1
3
≤ p ≤ 1. The parameter domain 1
3
< p ≤ 1 corresponds
to the entangled state. The purities (3) and (4) of the matrix (15) are determined by
µ12 =
3p2 + 1
4
, µ1 =
1
2
, µ2 =
1
2
.
Hence, the inequality (5) has the form 0 ≤ 3p2+1
4
. For the Werner state the inequalities (8) and (9) are
the same and state as 1
2
≤
√
6p2+2
2
. Hence, the inequality (11) implies 0 ≤ 3p2. The latter results are
illustrated by Figures 1 and 2 for various values of the parameter p of the matrix (15). Visible, that the
right part of the inequality (11) is larger than the right part of the inequality (5), i.e. µ˜− µ12 > 0, when
the parameter p belongs to the domain 1
3
< p ≤ 1 which corresponds to the entangled state.
The second example of the X-state is provided by the Gisin state [7]. It is given by the following
density matrix
ρG =

1−x
2
0 0 0
0 x|a|2 xab∗ 0
0 xa∗b x|b|2 0
0 0 0 1−x
2
 , (16)
where |a|2 + |b|2 = 1, 0 < x < 1. In [18] it is shown, that the latter matrix has positive eigenvalues if
x ≤ 1
1+2|ab| holds. We denote it as xmax =
1
1+2|ab| . The left hand side of (5) and (11) is equal to
µ1 + µ2 − 1 = x2
(
2
(|a|4 + |b|4)− 1) . (17)
The right hand side of the inequality (11) reads
µ˜ = x(3x− 2) +
√
x2(4|a|2 + 1)− 2x+ 1
√
x2(4|b|2 + 1)− 2x+ 1. (18)
5
Figure 1: The left part (black line) and the right
part (dotted line) of the inequality (8) for the
Werner state (15) of the qudit with the spin j = 3/2
against the parameter p.
Figure 2: µ12 (black line), µ˜ (dotted line) for the
Werner state (11) of the qudit with the spin j = 3/2
against the parameter p.
The purity of the whole system is given by the following term
µ12 =
3
2
x2 − x+ 1
2
. (19)
We can rewrite the inequalities (5) and (11) using the latter results. The results are shown in Figures 5
and 6. The intersection points are determined by roots of the equation µ˜ − µ12 = 0. Similarly to the
Figure 3: µ12 (black line), µ˜ (dotted line) and (17)
(dashed line) for the Gisin state (16) of the qudit
with the spin j = 3/2 against the parameter x for
{a, b} = {1, 0}, xmax = 1.
Figure 4: µ12 (black line), µ˜ (dotted line) and (17)
(dashed line) for the Gisin state (16) of the qudit
with the spin j = 3/2 against the parameter x for
{a, b} ∼= {0.2, 0.979}, xmax = 0.718.
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Figure 5: µ12 (black line), µ˜ (dotted line) and (17)
(dashed line) for the Gisin state (16) of the qudit
with the spin j = 3/2 against the parameter x for
{a, b} = {0.6, 0.8}, xmax = 0.51.
Figure 6: µ12 (black line), µ˜ (dotted line) and (17)
(dashed line) for the Gisin state (16) of the qudit
with the spin j = 3/2 against the parameter x for
{a, b} ∼= {0.07, 0.99}, xmax = 0.87.
Werner state, we have µ˜ − µ12 > 0 for the Gisin state in the domain x > xmax that corresponds to the
entangled state.
The third example of the X-state is provided by the β-state of the single qudit with the spin j = 3/2.
It is given by the following density matrix
ρβ =

β
2
0 0 β
2
0 1−β
2
1−β
2
0
0 1−β
2
1−β
2
0
β
2
0 0 β
2
 , (20)
where the parameter is 0 ≤ β ≤ 1. The latter state is separable in β = 1/2. The purities for the β-state
are given by
µ12 = 2β
2 − 2β + 1, µ1 = 1
2
, µ2 =
1
2
and the right hand side of the inequality (11) reads
µ˜ = 8β2 − 8β + 3.
The comparison of µ12 and µ˜ is shown in Figure 7. Since the state is entangled in the whole domain
except of the point β = 1/2, the difference between the right hand sides of the inequalities (5) and (11)
is positive for all β, i.e. µ˜− µ12 > 0.
4 Summary
To conclude we point out the main results of the work. The Minkowski type trace inequality was
rewritten in terms of the purities. Two new inequalities were obtained and compared with the known
7
Figure 7: The purity µ12 (black line), µ˜ (dotted line)
and (17) (dashed line) for the β-state (20) of the
qudit with the spin j = 3/2 against the parameter
β.
inequality for the purities given in [13]. It was shown by the examples of the Werner, the Gisin and the β
states that for the entangled state the right hand side of the inequality (11) is higher than the right hand
side of the inequality (5). The obtained results give an idea, that in those domains where the quantum
state is entangled the difference µ˜− µ12 is necessarily positive.
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